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In the following line-by-line commentary, we will use screenshots from the translation 
given in The History of Mathematics: A Source-Based Approach (2022), Volume 2, chapter 
4.2. 

Newton's Epistola Prior 

 
This is the introduction of the first letter Newton sent to Leibniz (sent in 1676 via 
Oldenburg) about the infinite series he found. In this letter Newton is mostly just showing 
off the series he found and how it can be used. This introduction is not very relevant for the 

“Fractions are reduced to infinite series by division; and quantities [are reduced] by 

(ܲ + ܲܳ)௠/௡ = ܲ௠/௡ +
݉
݊ ܳܣ +

݉ − ݊
2݊ ܳܤ +

݉ − 2݊
3݊ ܳܥ +

݉ − 3݊
4݊ ܳܦ + ܿݐ݁

ܲ + ܲܳ;”
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mathematics, so I will comment on it no further. 

 
“Fractions are reduced to infinite series by division; and quantities [are reduced] by 
extraction of the roots, by carrying out the operations just as they are normally carried out 
for decimal numbers. These are the foundations of these reductions: and this theorem also 
shortens the extractions of roots,  

(ܲ + ܲܳ)௠/௡ = ܲ௠/௡ +
݉
݊ ܳܣ +

݉ − ݊
2݊ ܳܤ +

݉ − 2݊
3݊ ܳܥ +

݉ − 3݊
4݊ ܳܦ +  ܿݐ݁

where we want to find the root or any (root of the) power of ܲ + ܲܳ;” 
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“ܲ is the first term of the quantity, ܳ is the remaining terms divided by ܲ, and ݉/݊ is the 
numerical index of the power of ܲ + ܲܳ, whether that power is an integer or fractional, 
positive or negative.” 

  
Here Newton explains his notation. 

“if (ܽ3 + 2−(ݔ2ܾ
3 (ܲ + ܲܳ)

೘
೙ ܲ = ܽ3, ܳ = ௕2௫

௔3 , ݉ =
−2 ݊ = 3.”

“Finally, for the coefficients used in the function, I use ܣ, ,ܤ ,ܥ ܣ ,ܦ
ܲ௠/௡ ௠

௡
ܳܣ

use of the rule will appear from the examples.”
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“ܲ ܳ ܲ ݉/݊
ܲ + ܲܳ

positive or negative.”

 
“if (ܽ3 + 2−(ݔ2ܾ

3 is supposed to be (ܲ + ܲܳ)
೘
೙ , in the function, then ܲ = ܽ3, ܳ = ௕2௫

௔3 , ݉ =
−2 and ݊ = 3.” 

 
“Finally, for the coefficients used in the function, I use ܣ, ,ܤ ,ܥ  to refer to ܣ ,etc., namely ,ܦ
the first coefficient, ܲ௠/௡ ; B for the second coefficient, ௠

௡
 and so on. For the rest, the ;ܳܣ

use of the rule will appear from the examples.” 
Here Newton explains how the recursive part of the function works/is used.  
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“Example 1 

√ܿ2 + 2ݔ = (ܿ2 + 1/2(2ݔ = ܿ + ௫2

2௖
+ ௫4

8௖3 + ௫6

16௖5 − 5௫8

128௖7 + 7௫10

256௖9 + etc. For this case, ܲ =

ܿ2, ܳ = ௫2

௖2 , ݉ = 1, ݊ = 2, ܣ (= ܲ
೘
೙ ) = ܿ, =) ܤ ௠

௡
(ܳܣ = ௫2

2௖
, ܥ (= ௠−௡

2௡
(ܳܤ =  and ;4/8ܿ3ݔ−

so on.” 

“Example 2

√ܿ5 + ݔ4ܿ − 55ݔ = (ܿ5 + ݔ4ܿ − 1/5(5ݔ = ܿ + ௖4ೣ−௫5

5௫4 + 2௖8௫2+4௖9௫+2௖10

25௫9 +

݉ = 1, ݊ = 5, ܲ = ܿ5 ܳ = ௖4௫−௫5

௖5

ܲ = 5ݔ− ܳ = − ௖4௫+௖5

௫5

√ܿ5 + ݔ4ܿ − 55ݔ = ݔ− + ௖4௫+௖5

5௫4 + 2௖8௫2+4௖9௫+2௖10

25௫9 +etc. ”
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“Example 1

√ܿ2 + 2ݔ = (ܿ2 + 1/2(2ݔ = ܿ + ௫2

2௖
+ ௫4

8௖3 + ௫6

16௖5 − 5௫8

128௖7 + 7௫10

256௖9 + ܲ =

ܿ2, ܳ = ௫2

௖2 , ݉ = 1, ݊ = 2, ܣ (= ܲ
೘
೙ ) = ܿ, =) ܤ ௠

௡
(ܳܣ = ௫2

2௖
, ܥ (= ௠−௡

2௡
(ܳܤ = 4/8ܿ3ݔ−

so on.”

 
“Example 2 

√ܿ5 + ݔ4ܿ − 55ݔ = (ܿ5 + ݔ4ܿ − 1/5(5ݔ = ܿ + ௖4ೣ−௫5

5௫4 + 2௖8௫2+4௖9௫+2௖10

25௫9 +etc. which becomes 

clear by substituting ݉ = 1, ݊ = 5, ܲ = ܿ5 and ܳ = ௖4௫−௫5

௖5 , in the function stated at the 

beginning. You can also do the following substitution ܲ = ܳ and 5ݔ− = − ௖4௫+௖5

௫5 . The result 

will then be √ܿ5 + ݔ4ܿ − 55ݔ = ݔ− + ௖4௫+௖5

5௫4 + 2௖8௫2+4௖9௫+2௖10

25௫9 +etc. ” 

 

As mentioned at the beginning of the line-by-line review of this letter, Newton is talking 
about the series he found but not explaining how he found it or even convinced himself that 
it works. That happens in the second letter. 
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Newton's Epistola Posterior 

This is the introduction of the second letter Newton sent to Leibniz (via Oldenburg) about 
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the infinite series he had found. In this letter, Newton appears much more cordial and 
explains how he found the series and convinced himself that this series actually works the 
way he thinks it does. Note that in this letter he does not give any proof, he just explains 
how he found it. Not much mathematics is happening in this section, so I will not comment 
on it further. 
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 “At the beginning of my mathematical studies, when I studied the works of the celebrated 
Wallis on the infinite series expansions he derived and used to compute the area of the 

circle and hyperbola, I noticed that, for the series of functions of the form ݕ  =  (1 − (ݔ
೙
2, 

with ݊  ∈ ℕ0, and  all sharing the same x-axis, if the area of every other function could be 
determined, we should have the areas of the intermediate functions, of which the first 

(1 − (ݔ
1
2 is the circle”  

Thus, what Newton is saying here is that he got inspired by the work of Wallis to look at a 
set of functions, for the area was known if ݊ is even. He wanted to see if he could find a 
pattern for the integrals for odd ݊.  

 
“in order to interpolate these series in an arithmetic progression, I observed that in all of 

them the first term was ݔ and the second terms 0
3

,3ݔ 1
3

,3ݔ 2
3

,3ݔ 3
3

 etc., were an arithmetic ,3ݔ

sequence, so the first to terms of the series to be deduced would have to be ݔ −
1
3

(1
2

(3ݔ , ݔ − 1
3

(3
2

(3ݔ , ݔ − 1
3

(5
2

(3ݔ ”

(1 − (ݔ
೙
2 ݊ ∈ ℕ

“To 
”

“

110, 111, 112, 113, 114
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“At the beginning of my mathematical studies, when I 

 ݕ =  (1 − (ݔ
೙
2

݊  ∈ ℕ0

(1 − (ݔ
1
2 is the circle” 

݊
݊

“

ݔ 0
3

,3ݔ 1
3

,3ݔ 2
3

,3ݔ 3
3

3ݔ

ݔ −
1
3

(1
2

(3ݔ , ݔ − 1
3

(3
2

(3ݔ , ݔ − 1
3

(5
2

 ”.etc ,(3ݔ

Here Newton is describing how he deduced the first two terms for the series expansion of 

the area of (1 − (ݔ
೙
2 , ݊ ∈ ℕ.  

 
“To find the rest, I noticed that the denominators 1, 3, 5, 7, etc., were an arithmetic 
sequence, thus now only the numerical coefficients of the numerators were unknown.” 

 
“But in the areas of the functions we already knew, these [numerators] were the digits 
appearing in the powers of the number 11, namely the digits of these, 
110, 111, 112, 113, 114, that is, first 1; then 1, 1; thirdly 1, 2, 1; fourthly 1, 3, 3, 1; fifthly 1, 4, 
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6, 4, 1, etc.” 
This numerical pattern corresponds to what is now called Pascal’s triangle (i.e., the 
binomial coefficients). 

 
“And so I began to wonder how the remaining digits in these series could be derived from 
the first two given digits, and I found that when replacing the second number with ݉, the 
rest of the digits would be produced by continues multiplication of the terms of this series, 
௠−0

1
× ௠−1

2
× ௠−2

3
× ௠−3

4
× ௠−4

5
× etc.” 

Newton here describes the recursive rule that generates the numbers for the numerators. 
He next gives an example which helps clarify:   

“For example, let ݉ = 4 4 × 1
2

(݉ − 1) = 6

6 × 1
3

(݉ − 2) = 4 4 × 1
4

(݉ − 3) = 1

1 × 1
5

(݉ − 4) = 0 ”

(ܽ + ܾ)4

ݔ(1)
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”
This numerical pattern corresponds to what is now called Pascal’s triangle (i.e., the 

“And so I began to wonder how the remaining digits in these series could be deri
݉

௠−0
1

× ௠−1
2

× ௠−2
3

× ௠−3
4

× ௠−4
5

× ”

 
“For example, let ݉ = 4, then 4 × 1

2
(݉ − 1) = 6 will be the numerator of the third term, 

and 6 × 1
3

(݉ − 2) = 4 the numerator of the fourth, and 4 × 1
4

(݉ − 3) = 1 the fifth, and 

1 × 1
5

(݉ − 4) = 0 the sixth, at which term in this case the series stops”.  

Here Newton gives an example to find the binomial coefficients for (ܽ + ܾ)4, where he 
assumes that you know that the first coefficient is 1 (because for each case he discussed 
here, the series starts with (1)ݔ.  
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“Accordingly, I used this rule for inserting the new series between the previously known 

series, and seeing as for the circle the second term was 1
3

(1
2

݉ I put ,(3ݔ = 1
2

, and I found 

1
2

×
1
2−1

2
=  − 1

8
, − 1

8
×

1
2−2

3
= 1

16
, 1

16
×

1
2−3

4
= − 5

128
, and so on to infinity.” 

After Newton saw that his formula worked for the known series, he simply applied the 
same rules to the series he was interested in and that got him this result.  

 
“This is how I came to understand that the area of the segment of the circle that I was 

interested in was ݔ −
1
2௫3

3
−

1
8௫5

5
−

1
16௫7

7
−

5
128௫9

9
 etc. And using the same reasoning, the areas 

of the remaining functions that were to be inserted, were found, as well as the area of the 
(1 − ௡/2(ݔ ݊ ∈ ℕ ”

“

”



 18 

“
1
3

(1
2

(3ݔ ݉ = 1
2

1
2

×
1
2−1

2
=  − 1

8
, − 1

8
×

1
2−2

3
= 1

16
, 1

16
×

1
2−3

4
= − 5

128
”

“This is how I came to understand that the area of the 

ݔ −
1
2௫3

3
−

1
8௫5

5
−

1
16௫7

7
−

5
128௫9

9
of the remaining functions that were to be inserted, were found, as well as the area of the 
hyperbola and of the other functions in this series (1 − ݊ ,௡/2(ݔ ∈ ℕ.” 

 
“The same method applies to the interpolation of other series, even when one or several 
consecutive intermediate cases are missing. This was my first step into this field, and I 
would not have remembered it if I had not looked at my notes a few weeks ago.” 
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“After I had learned this, I immediately considered that the series of functions (1 −  ,2௡/2(ݔ
݊ ∈ ℕ themselves could be expanded in the same way as the areas generated by them, 
and to that I only needed to omit the denominators 1, 3, 5, 7, etc., which are expressing the 
areas in the coefficients,” 

“This means that the coefficients of the (1 − (ݔ
1
2

(1 − (ݔ
3
2 (1 − ௠(ݔ

݉ × ௠−1
2

× ௠−2
3

× ௠−3
4

”
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“ (1 − 2௡/2(ݔ

݊ ∈ ℕ

”

 
“This means that the coefficients of the terms of the to be inserted function (1 − (ݔ

1
2, or 

(1 − (ݔ
3
2, or in general (1 −  ௠, arise by the continued multiplication of the terms of this(ݔ

series ݉ × ௠−1
2

× ௠−2
3

× ௠−3
4

 etc.” 

 
Newton has generalized his formula so as to not only find the area below certain functions 
but also find a way to expand the functions themselves.  
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“Thus I came to understand the general method of expressing radicals as infinite series 
using the rule stated at the beginning of my earlier letter, and I discovered this before I had 
learned the procedure for extracting roots.” 

 
“Once I knew this, it was not long before I also understood that. In order to test this 

procedure, I multiplied 1 − 1
2

2ݔ − 1
8

4ݔ − 1
16

etc. with itself, and it became 1 ,6ݔ −  with ,2ݔ

the remaining terms vanishing due to the continuation of the series to infinity. Likewise, the 

1 − 1
3

2ݔ − 1
9

4ݔ − 5
81

6ݔ 1 − 2ݔ ”

“This was not only the proof of these series being correct, 
1 − 2ݔ
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“

”

“Once I knew th

1 − 1
2

2ݔ − 1
8

4ݔ − 1
16

6ݔ 1 − 2ݔ

cube of 1 − 1
3

2ݔ − 1
9

4ݔ − 5
81

etc. also gave 1 ,6ݔ −  ”.2ݔ

 
“This was not only the proof of these series being correct, but it also led me to investigate 
whether these series, which were confirmed to be roots of 1 −  could be derived by an ,2ݔ
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arithmetical procedure. And this worked. This was how I extracted the square root.” 
We explain the extraction of roots in our section on De Analysi (see page 10).  

 
“Having cleared this up, I have not done any more work on inserting intermediate cases 
between known series, and have only used the procedure, because it gives a more natural 
foundation. The reduction [of roots] by division was no secret and easier to use.” 

 

 


